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MATHEMATICS

YEAR 12
1999 HALF YEARLY EXAM

4 UNIT

Time ailowed: Three hours
(Plus Sminutes reading time)

DIRECTIONS TO CANDIDATES

o Atempt ALL questions.
e ALL questions are of equal value.
All necessarv working should be shown in every question. Marks mayv be deducted tor
careless or badly arranged work.
. Standard integrals are printed on page 10.
Board-approved calculators may be used.
Answer each question in a separare Writing Booklet.
You may ask for extra Writing Booklets if vou need them.



QUESTION 1

(a) Find the modulus andargument of Z=3 + 4;
(Express the argument in radians)

(b) For any complex number Z where Z=-Z prove that Z must be purely
imaginary

(©) Find the square root of Z=5 - 12;

(d) Draw a neat sketch to illustrate the following region of the Argand diagram

YR

Sarg(Z—l)s-';—andlZ—llsl

(e) If Zis a complex number such that

|z -6+|Z + 6| =60 describe geometrically the locus of Z and
find its Cartesian equation.
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QUESTION 2

(a)

(b)

()

If 1+iisasolutionof x*-6x + 5x* +2x~10 =0 solve the €quation
over the field of real numbers.

If @. 5.6 are the roots of x* — pr+ g =0find in terms of p and ¢ a cubic
equation with roots

L.

111
a' B’s
o’ p,

Q’a

il.

If the cubic equation 2x’ ~9x* +12x+4% =0 has two equal roots,
find the value of &

Find the condition (i.e. the relationship between a and b) that
x* =3ax +b =0 hasa repeated root
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QUESTION 3

(@ Expressz in the form" g + ib if

T 2
arg (:+1)=g and arg (:—1)=7
2

(b) If:zisa complex number show that z2 + ) =2i

s a hyperbola
and state its eccentricity

(c) By writing each factor in the modulus-argument form, simplify

(V3 +0)° +(1-5)*

d i Find the four complex roots of z* + 4 = 0

i1 Plot these roots on an Argand diagram

Marks
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Marks
QUESTION 4
(a) Consider the graphof y = f(x) for 0gx <2 3
In
' r
i
t
o o 20 }:r. '
The graph has point Symmeuy and a vertical tangent exists at x = g .
Sketch: i. y=f'(x)
1. y=f(x)
iii. y= J’ f()dt
[}
(b) i Given F(x)= x: —; , sketch the following on separate axes 12
X+
L y=F(x)
: 2 xz -1
2 [F(x)]- =73
x +1

5.ovs= [F(.\:)]2

i y=log, F(x)

x+li(x -1

X" +1
ii. Use vour graph in (¢) to solve the inequality x° +1> e +l(e-1)
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QUESTION 35

(a)

(b)

1.

1.

Obtain the eqliation of the tangent to the curve Vx+ J; =c atthe
point P(a,b) on the curve

This tangent meets the ; and y axes at Q and R respectively.
Show that OQ +OR =¢ for all positions of P, where O is the origin

Find the eccentricity, the equations of the directrices and the
co-ordinates of the foci; of the ellipse with equation 7x? +16 yi=112

Sketch the ellipse showing the above information on your diagram.
Also sketch the auxiliary circle on your diagram

Set up the integrals that give:
.. The area of a quadrant of the circle with equation x? + y? =14

2. The area of the quadrant of the ellipse 7x* +16y2 =112

oy o,
Show that the integral in ¢)2. above is—é times the integral in ()1 and
a

deduce the area of the ellipse from the known area of the circle.
Hence write down a general formula for the area of an ellipse

Marks
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QUESTION ¢

(a)

The point P (¢p. i) lies on the rectangular hyperbola xv=c? in the first

quadrant. The tangent to the hyperbola at the

] point P, crosses the axis at
the point A and the Y axis at the point B.

L Find the equation of the tangent to the hyperbola ar the point P

il Show that the equation of the normal to the hyperbola at the
pointPis plx—py=cp' ¢

iil. [f the normal at P meets the other branch of the hyperbola at the
point Q, determine the coordinates of Q

iv Show that the area of the triangle ABQ is cl(pZ + -LJ

PE

v. Prove that the area of the triangle is a minimum when p=1

If a. b and c are positive real numbers suchthat a= 6 = .
prove,

L -+£>2
b a

l
iL. (a+b+c)(-}-+-l-+—)>9

a b ¢

Marks
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QUESTION 7

() Two circles touch extémally at point P. The line

X
E
F /‘\
P >
N>
&1 ©
A
Y
Copy the diagram onto your answer paper.
Prove that;
i FEj|AD
il ZLFPA = /BPC
1. AFPA|[lABPC
(b) r_ - —:— =1 is the equation of a hyperbola with eccentricity e.
P B

L Prove the perpendicular from the focus S(ae,0) to the asvmptote

b . . .
YV =-—=x meets it on the directrix,
a

IL. Prove that the angle between the two asymptotes is 2tan ™' Ve? ~

8
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QUESTION 3

(a) Find. s arelation between k, I, and m. the condition for the Quadratic
€quation in x,

(B +1%)x? F2Uk+mx+ (P +m?y =

to have rea] roots. Simplify your answer as far as possible,

(b)) If la| > 2l#, prove 2a -~ 5> laf

14 H

(c) i Show that fcos‘xdx =37
0

16
Ii. Prove 3(cos!x +sin* x)=2(cos’ x +sin® x) = |
1. Without attempting to evaluate any integrals, explain why:

T T

B

F) .
fsin" xde = f cos"xdx , for all positive integers »
9 a

v By integrating the identity in part (ii), and using parts (i) and (iij),

~lH

find f cos®xdx
Q9

v. Without attempting to evaluate any integrals, explain why:
T

(]

2

fsin ™ xdy < fsin "xdx . for all positive integers n
Q 0

Marks
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